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A EkS T R IC f 

From a consideration of boundary conditions, a. set of 

equations; is derived for ä plane-n/ave crystal transducer operated 

as either a transmitter or a receiver. The transducer may -be- ^. 

either lengthwise or thickness type, and the crystals, back plate, 

and front plate, nay have an;.- dimensions in the wave^direction. 

The e^ruatians are applied e^pecJalJ^r to the problem of the 

receiver. The tuned receiver, in which the trsöisducer is in 

resonance with the incident radiation, receives particular attention. 

Expressions are given for voltage and power in the output circuit äs< 

functions of the output admittance $ taking, account also of losses in 

the transducer. Frön these eicpressions the output conductance and 

z sUSceptance for maximal power are calculated. It is shown that,in 

an ideal no-loss trcaisdueer; all the incident power could be converted 

into useful output, the transducer,becoming, a perfect absorberv 

Numerical data are presented' föi* ä quartz receiver of the 

thickness type, and for a lengthwise-type receiver with crystals of 

ÄBP. For the latter case curves representing, the performance as a 

-? 

"^ function of' efficiency are given, ((?6v>i v a e }-or' <-.  Ct\. -;\ro -"I ) ; 
($^_ c*.C*->>     f )(?      US'013) 

Mt- ai-m'f •:' , • -      o. • <-,; - •( > q ? •,-. 
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A, GENERALIZED" "MEORY OF' THE 

CRISTAL T?JSaßIÖT-TER AND 'REOEIVER FOR PLANE WAVES 

'Symbols 

V»'  = YeJVMV =?• instantaneous e>m.,f. between' electrodes 

£ to £.-?     ^ amplitudes of waves shown in. Fig, 1 

JB_, = .phase angle of %0  with respect to V at jg == - jf ^ 

1» 62 = phase angles ef %.^  and £p with respect to U at x = 0 

Q^9   Q ~   phase angles of £0 and, ^, with respect to V at x =* 

9;5, Q,j ©,^ = phase angles of |-., %^  and £7. with respect to. V at x - X +;lF^ 

€b^b»  ?Cj  frlc<3J ^^ C5 c  ^ äOQUStic. resistivities of backing, 
crystal, front plate, and liquid 

^b 

Xb 

ft. 

% 

~   c^/f,     A - c/f,     iXd. = c^/f j. wavelengths, in backing^ crystal, and 
frönt plate" 

d/vd >d'Ad 

bäekihg;, crystal, and front plate- 

S, -T ~ "train-and stress.^ Both are positive when extensiona!* 

yn 

H 

= ^e^'» for n fron Ö to- 7 

~   effective piezoelectric stress-coflstant 

n = total number of crystal plates in the lengthwise transducer, each -of 
width w and thickness t. 

= radiating area* In the, lengthwise transducer.,  A = nwt., 

= crystal dimension in the wave-direction. With thickness vibrations, 
%  is the thickness} with lengthwise 
vibrations,, J£  is the length* 



N 

„s    « 

h = 

W/ÖS^'p'C (thiekriess type)    or   IW/a)tpc (lengthwise, type) 

permittivity at constant .strain, used with thickness vibrations 

pemittivity -for lengthwise vibrations 

,2H2A/|'2p:e (-thickness type).;     ^ = 2H2A/t2pc  (lengthwise type.) 

2mq\b/E (thickness- type)?      "P>( = 'Znmqt<L>/%H (lengthwise type) 



INTRODUCTION 

The transducer thep.iv previously reported   has now been extended 

to include, the- case in 'which the. transducer acts- ~.§  a receiver of normally 

iacident plane waves. The extension consists in the recognition of two 

sources of excitation, pne>_ electric, the other acoustic. IJheh the elec^ 

trical excitation alone: is present,, the l°a(* i-s -acpustic and the device 

is ä transmitter*. When the excitation is acoustic, and the transducer 

terminals are connected to a. passive electric network,, there is also some 

electric excitation due to the reaction of the network. 

Our problem is to assemble a set of equations based Pn boundary 

conditions,._ the solution of which will yield information on the transducer 

performance. The sane equations are applicable whether the crystals are in 

lengthwise or thickness vibration, and whether the transducer acts as 4 

tisansiaitter Pr a receiver. The crystal assembly may häve^froht and back 

plates of" any conducting mäteriä$3 and thicknesses. Losses in thesse plates 

and in the czv.sf.ais are—ignorld* but losses in the aount^ig arö reprpseated_ 

by an: electrical equivalent» 

1    " "       v . 
\l.,  G, Cady, "A Theory of the Crystal Transducer for Plane Waves,M Technical 
.Report No. 2. September 29* 1943:, Contract N6onr-262, Wesleyan University; 
published in Jour. Acous., 3oc. Am.. 2J., 65-73 (1949). This paper deals with 
PrVötäls in Teng^i^se^ibmtloni   ^ '^H Y3 ^  ^~"  

'W,._Gs Gady, ^le^e^lectrib Equations of State and Their Application tP 
Thickness-Vibration Transducers," TechnicalTIlePPrt Ho« iff, ftar'chr20« 1950, 
Cphtraet N6onr-262, Wesloyati University} published in Jour. Acous« Soc« Aja^ 
22, 579-583 (1950). 0 . 



The theory will fe ^hreh  for a transducer of the thicknesa^viBration 

type.- 'Later it will be shown that by nodifying thoi definitions of certain 

parameters* the sane equations can be used with the/ .lengthwise type. As 

shown in .Fig. 1:,5 the crystal G, or irjQsäic of crystals., is. cemented - between. 

a, bac!§ plate B and a .frofit plate (the ''diaphragm'1) D. The total thickness, 

X b + X + /(d, nay be equivalent to a half wave-length, with J(  relative^ 

B 
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Fig* t 

Transducer consisting of crystal C, backing B, 
and frönt plate D 

small, as in the Langevin quartz•steel sandwich, or the crystal itself may be 

a half-wavelength in thickness. In the general formulation no restriction is 

made with regard to dimensions; except that the radiatdiig area A has dimen- 

sions large in_•comparison with, the wavelength. 



IT"" 

In. the steady stake, the vibration in each component of the transducer 

is represented by two .oppositely traveling waves* In the transmitter, ^ is 

the amplitude of the emitted wave-, and Zg is replaced by the jjitpressed voltage-. 

V. There is no- incident wave, so that %„, - 0. In- the receiver, £• is the 

.incif?ent^and-£^tiie_p-e£l.oc-t.Qi|. 8Anplitude;.j^thQ^atter_being .dep.endent_on_iihe- 

characteristics of the transducer and on the nature of the electrical load-, 

The procedure is simplified by expressing all phase angles in terms of 

the phase of V for both transmitter and receiver,, with V = Ye~ " .. 

The x^axis is. parallel to the direction of wave propagation, with' the 

origin at that costal boundary which is more remote froia the "radiating 

medium. The metallic bads and: front plates B and D serve as electrodes for 

the output impedance Zg or for the driving generator. The surface of ÜB at 

-^IJ is in contact with air, so that reflection is practically perfect* This 

fact makes it possible to express |^ in terms of £-, thereby reducing; the 

number of variables by one. 

1.2 
 ^Ey^employihg_the_ concept of traveling waves • the boundary conditions 

can be formulated,, leading to. a set of seven simultaneous equations. In the 

receiver, the unknowns are KQ» %£*  £<a> £/* *»** *>A» an^ V» *P be äolved lii 

terms of frequency, £7, and Z«. 

_ . . it is assumed that all viscous -and other .-me.chanical losses in the 

transducer can, be represented^ at any particular frequency, by a resistance 

in parallel with Z2. 

Rationalized mlcs units will be used except when otherwise specifiede 

Instantaneous values are denoted1 by prime accents. 



EFFECT OF STmÜ-DlSTISBUTION ON TKE ELASTIC. CONSTANTS 

OF PLATES VIBRATING. IN A THICKNESS MODE 

With, crystals of relatively low coupling$. like quart.?, this;. effect is- 

.small* and especially so ;JQ the. quarta-iaetal sandwich,, vher.e the. thickness of 

the> crystal layer Ms small in aomparison ifith the- kavilohgth,. With, crystals 

of strong coupling the effect nay be far from negligible:. In any case it is 

desirable to calculate its magnitude. 

The following procedure is applicable to allJbhickness-typ.e jcrystäl  

transmitters and receivers. Since both the direction of wave^propägatipn and 

the electric fieldedii-oction are parallel to x, the problem is one^dimensional. 

The. waves themselves ;are here assumed to bo cpmpressional* If they Were trans- 

verse, all equations would be •unaltered except for certain, subscripts* 

The appropriate equations öf state are these giving the Instantaneous 

3< 
stress and electric displacement in any small volume element. 

e i 

D^Cx) = e^S^Cx) +cwE1(x) (2) 

For simplicity and to avoid confusion later> we omit the subscripts and write 

qE for c^ , . If for o«,--9 obtaining 

T'(X) = qES!(x) - HE'-(X) (3=) 

-t.     X :.__.-!_/._V JSL..I-A ^ -/-<i_\^ 

D W  - SS  &1 ••"*£-••&  W •   vw- 

3 
Specialised from footnote 4* Eqa* &-) or (5)« 

- ;1 



In the vibratiiTg plate the electric field ;has, asi shown below, three 

terms,, two due tq polarization space -change $ which is a consequence 'of the 

straihrdistribution, and one to the potential difference V between, the. eloc- 

-tfcodeS;?^tho.-lat:ber^a-ssuHed; to-_ke,i-n„eontaeA—w-ith_the, ,cr25SÜ«.al.._ßfß, fhe. .ether ... 

hand the electric displacement, xs- at all tiaes- uniform throughput tho crystal^ 

so that one may write p* for ü'(x). Then fror. Eq. (4), with S (x) ~ d£ .(x)yfrx 

E.dx 
hx J eS *H{^(J{) -zHoij +v'& 

Therefore 

,A From Eqs, (4.) and (5), we find for the total field 

(5) 

-Mi « = ^ 4 a*(x) ^^I^l(Jl - K'i^l  + T n 3 V 

Of the three terms, on the right in Eq* (6) the, first is. proportional 

to ä'(x) and cortribu.-s to the effective stiffness, The contribution of 

the other terms to the effective stiffness is discussed below. 

The first two termj on the right 
induced by the space-variation 6: 
Physics 6, 10-13 (1935). 

i:n_Eq. (6) are due to the space charge 
? strain. Soe footnote 5» also \h>  G. Gady, 



Fröm.Eqs. (3) and (6). the total external mechanical stress on the 

volume element is 

•13^: ,-.   . v£'    '•' ?m * ffte^j^i.j'aij-§*    _ m 
where q^' = q- + H /e. , the well-known stiffness at constant displacement. The 

second term on the right in-Eq. (7) represents a uniform stress, independent 

of c and opposed to the deformation* At frequencies in -the neighborhood of 

resonance it can bs treated as a contribution to the effective stiffness. 

According to a method that has been described previously, and by use of 

Sqs>" (11r): belowV it can be proved that this contribution to the stiffness is 

BE2/ißc-i    Eq. (7) is thereby converted to 

«re       q* * <P*0= (8) 

The superscript V denotes, the stiffness at constant* V; that is, when V1 is 

independent of S-!{x)', so that ÖT'txVas'Cx) = qV. This coefficient qV is 

distinguished fr-um q^, the stiffness at constant fields fey the fact that 

although, as: in the transmitter, V is independent of the strain, this is by 

no means true of the field E. 

The wave-velocity c is, related to qv by 

V - s.   2 qv - - ^o* (9) 

W. G. Cady* "Piezoelectricity,'» McGraw-Hill Book Company, Inc., New York, 
194-6, pp. '312-336. 
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The' stiffness q is to be used in the equations for the transmitter 

when there is no gap between electrodes and crystals., In the case of- the 

receiver the voltage V in Eq. (7) is a function of the admittance Y, of *$e 

output, circuit. ? is'no'löS|ef; the driving voltage, but. is rathsr to be 

treated a3 contributing still another term to the effective stiffness. As 

will be shown later, the ^effect is so small that- it can usually be ignored. 

In the present discussion it is assumed that the effective stiffness is q^ 

for thiqkneas tränsduc&i?.ä fend <£* for lengthwise, transducers ?- 

BOUNDAKSf CONDITIONS 

As has -been proved in footnote 1, the assumption of perfect reflection 

at x = -Jcb leads to y0 = B^-j, while at x = 0 the equality of particle dis- 

placement gives Eq» (19a) below. 

For expressing the equality of stresses at x = Ö and x = J^ the follow* 
•1  ._. -iag-squatiöns will bgusöäT 

T.(0)    =    ^(-Eb. + faj* (1U) 

tin . «g^ * v5»efot - —««» 
,?A -f-tsSr —_-.— -/.«.-__ ^ __£_—>-. Jnvh- ^  W     - fr2,+- vyp#W (11c) 

?'<«> - <*a*73tfc** cud) 

S?(0) _- j^(^+By3)e^ (11e) 

ft*«)   - j|(-?y2 + y3>e** 



1:0 

Equations (11 a) and! (11b) represent the stresses impressed on the 

crystal by the back and front plates respectively. 

From Equations (11b-) and (11 c), 

5'(i)*<W •* (B- 1)^-y ve*
ot 

(12) 

When Eqs. (11a), (lie); and (12) are substituted in (7), with x = 0, 

the desired boundary condition is obtained, In so doing, use is made of 

the following expressions: q£ = f b^b » ^b " -^b* ^ '~  6* • * Q" ~ ~^> 

^b9k/fQ ^ *b» *^d (öJfjpe- ^ 2?r>fy>c2/X == ßq. Then, on re-grouping, 

one finds 

"bV b  B^o + y + ^rjTz - (JIB + ^r2 j % * N ^ TO  (13) 

where N s HV/oijfoc = 

By the, same procedure it is found that at x = j([ ^ 

J5 

m 

The term H2(B-1)/tößqv is the correction due to space charge. If it 

is sufficiently small it may be dropped. For example* with, & quartz x-cut 

plate, H* , Q.03Ö, cs• « 3*9(10^), oj - M3tlO^). so: that H*/c V * 

3*7(10" ). As to the. magnitude 0f (B-l)/ß, we have B ;= *& = cosß - j sinß, 

where ß = 2*^ /x • In the qüartz-steel Sandwichs $« \ , if / s ^y-, 0> 

(B-l)/ß, = -Ö*3Ö4 + Ö.935J, arid the space-charge correction can be ignored 

unless high precision is required. At the other extreme, if jf * X/2, ß * tft 

B = -1, and again the correction can be. ignored,. 
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the expressions for equality of particle displacements at * = |, and 

for equality of particle displacements and stresses at x - i   + f  are 

Eqs. (19c), (1?e), and (l9f; below.1 

The last of the equations needed for the solution of the: problem Is 

that for the current to the external circuit.. In) t-h/3 receiver the 'Current 

if; due tö the strain produced by the incident radiation. It is generated, 

in the LO branch of the equivalent crystal network (which for the present 

purpose Is most conveniently represented äs LGC^r) and is denoted by I_ in 

Fig. 2. The branch r is the electrical equivalent of all transducer losses-,, 

while 2?2 Is the impedance of the external circuit. The parallel capacitance 

of the crystal is1 C^. ~ e%/$ ,1 where A Is the area* 

-JHS- 

Ä |;|id_ 

r 

3. 

;. 2 

Equivalent Giiieuit of the Crystal Receiver 

l! + l' +V +11   =   0 
P   .   1       r                  y (13) 

In this equation, ll   =   v'/r   =   V'G (15a) 

and *•   = v'A2  - y\  * v'«^ - -JB2? (15b) 

'     •- 



The value of the first two terms in %q.   (15) is found by taking the 

timeräefivative of Eq. (5). Then with the- aid' of Eq. (12), together with 

V = Ve''01 , we find for a transducer with active area A, 

ML, JuG-j? + j^|(B.l)(y2=y3) + GrV + Tf    = Q 

This egression is nowmultiplied by fi/tü^pc and rearranged» 

where |L = ••* coC... The total admittance äs seen from the LG branch is 

ire) 

3L = Q   + G9 - j(B,+iy » 6= - J(|L*B0) - 6 ** 
-1 -2 2r *r*2i r       12 

(17a) 

where G^ = Qr + Q^, *2 = C^ * jB2, and t^ = Xg * j^ = G2 - 4 (B-jHäB^J 

(17b): 

Equation-(l6) can now be written as 

(18) 

From the foregoing, the system of simultaneous equations is as 

follows. Eq, (19b) comes from (13), ,(1.9ft) from £M), and (T9g); from (13). 



GENERAL TpHSDÜCER EQUATIONS 

n 

+ JL)y 
fit/7? -tyy 

,V2LT>-:A.\- *2/.»_*. \,_ 

¥-B> *%*<> +«-w% -wws^ 

+ö 

+ö 
e ßq 

+By '2 '%   "*4 

+0+0+0       ft     Ö    4 

+Ö.    +0   -jN       ~     0  'M;
' 

-B.V-     +0     +Q W5 

° '^ys2^ "ci^ w)73 ^ *w *m 

+0 

o      +^51^ 

+0+mjjB^_^m^ ^ny^   +0 

+0   +Bay4     +y5      -y6   +0 

Ä(B-1) 

0    o* 

0    J 

£ 

-   & 

*> 

-y3 +o +0     +0   -jltN   = 

7   °!"' 

0      *, 

In these equations there is nö restriction oh the material and thick* 

of the crystals and of the back and front plates-; beyond the assumption 
S* ^    -*- 

that internal losses are negligible. Since the second: terms in the coef- 

ficients of y2 and y^ in Eqs. (19b) arid (T9d) have been shown to be relatively 

small, they can usually be; dropped. In many cases the back and front plates 

are of the same .material and thickness, so that m^ = m^, and By, = Ba* When ß 

is sufficiently small, approximation formulas for the trigonometrical f 

can be usedL. 



M, 

ÄPPLIÖAf IONS OF THE GENERAL. TSÄNSBÜGSR EQUATIONS 

ipeciialization Rules.,  When there is no back plate, B^ Ä 1» Eq*r (19a) 

A.mnr>a^_isi^+. «Jl.ao. .-fch a__fiy .YJ.<a+. _+.oYsm„^',r»L. /1.0K.Y.     -        .. — 

When J^ t = A-^/2 (backing resonance), B^ * »1» 

When there is no front plate., B^ == 1, and % «\ffl>. 

As the crystal thickness Jv approaches zero, B approaches 1, 

When Jf ~  X/2 (crystal resonance), B = -1. 

. - When,XA  =X/2: (diaphragm resonance):.-B^ == •?!«  ; ..-^-   

When the transducer acts as a transmitter with a given impressed  

voltage V, 77 = 0, Eq, (ifg) drops out, and N is treated as a known quantity. 

Application of these rules will now be made ~tp. acme practical cases* 

I« Thickness-type- Transmitter« 

With y^ == 0 and Eq. .(i9g) out, the number of equations 

becomes reduced to six. If there is no back plate, and furtherac-re if y^ is 

eliminated between Eqsi (I9e) and (I9f"')"-» ^Qür equations remain. With the 

space-charge correction omitted the equations are* 

a. i --%•> - =~<e~ 

$2           «By3   =   p             ^              ' (20a) 

By2 -4y3               -y^         -B^   =     0          ~                    (22b) 

JyÄ .3k __„....•maxJ__  im^y^.?. JN_._ (22cl 

(m-md,)Bdy^ Hmm^)^ «a-  =0 

This case is treated in footnote 2* where it is also shown that the proper 

elastic stiffness-coefficient is q^ == q- - BK /ire  , See also footnote 5 

above. 



For a crystal p|ate radiating directly into ä medium pQc0 = m pp., 

with air backing, Eqs., (20) can be. seduced tp the form" 

. j »>..        -^     -ajy    ~ P "  "   " ""  '(21? j 

(l-m)By2 ^j(Hm)y3 = jN (21b) 

The results derived from Eqs. (20) and (21) are discussed in the 

papers citeds and need not be repeated hero. 

II* fhickness^ty^e ^ce^yer/wi^th.frdht plate but-no back slate. 

The only case considered here is that in which the trans= 

dücer is in rssonange with the incident radiation, so that J( = X/2, ß * TT, 

and B = -|;, q&e front plats ~may^ha-?e, any^tHickhess,* Equations-v=1;9) become - 

reduced to 

JWt> q      - -Ht» q 

2jH 2JJ2   

mdBd^ * *d*5 ' ^6     = 

M/ .ä__ji&::~*z ^z iijMei 

jp«.**    "^e?3 +JV  * 

Report WUX«*19. Sub-contract DIC-17$188 between the Radiation laboratory f 
Massachusetts Institute of 'Technology* and Uesleyan University, September 
30*194.5. 
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As before, the imaginary terms in the coefficients of ^2 Q°& 7%  can 

usually be propped. 

As a further special ease it is assumed that these imaginary terms 

can be dropped» and also that the front .plate has a. thickness X^  ~ ^d^' 

H 

72       « 1$ 

l2   * ?3  lÄ 

y3 - m- -   o (23a) 

*i 

m, 

%  + m< 

H 

- vc    =  0 -5 

+ jN =  0 

my6 = my7 

H      " y6 *   y? 

(23c) 

2Ä 07^Wf7^^ "* 

(23s) 

«f) 

"Hie number of equations can be reduced to five if solutions for y^ and 

jf, separately are not needed, We therefore ybite 

+ 7o s.  ü 

also, for brevity$ 

2Ä - 
^0-6 - ?.Jf. •(25 > 

Then after a little manipulating We obta-in 

. _r. 

i 



17 

u - si 

H*¥§ = 

6 

Q 

=„„n  

%fy + ¥5, +m% = ^7 

C26a) 

(26b) 

/2ta=i 

(26e) 

Before proceeding to the solution of these equations we will show that 

they, äs also Sqs. |23i) > hold also for receiving transducers of the lengthwise 

type. 

Ill« Lengthwis.eritypä Receiver.      — 

In this type of transducer the electric field is at right 

angles to the direction of wave propagation* it-,-i-s assumed that the length \ 

of the individual crystal unit is in the x-directioh, while the thickness t, 

and therefore the electric field, is in the s-direetion.. The electric polar- 

ization is variable in the x-direction but hot in the z^directioh. Therefore 

there is no polarization space charge in the field direction,, and we have for 

the instantaneous electric field only E'1 - V /t. The stiffness.-constant is 

qf - 1/s-.- (the small correction due to the output load is treated later). 

The ef£Götive pieMMectM-c" constant is1 H~= c£w&"?i  ^ cu-q \, as statidT in 

footnote 1. On the assumption ^hat there are n crystal plates, each of length 

X $ width w, and thickness t, the radiating area is A = nwti In practice w may 

be of the same order of magnitude as X • The parameters N and ^ are now 



1=8 

defihed äs 

K: - 
HV 2H2A. 

CJOt pc '   t2f<c 
(2f> 

F. where c ?? (q 

Tö convert Eqs. (19). into the proper form för lengthwise-tj-pQ receivers 

it is only necessary to drop the second term in th* coefficients of 3% and y, 

in Eqs» (i9b) and (I9d), and to substitute t2 for X     ^ $q. (19g). . 

In order to indicate how this comes about, it is enough to give inde^ 

pendent derivations of Iqs. (23c) and {23?} for the lengthwise case, Eq. £23e} 

egresses the equality öf stresses" a?xV'^ICV^^Wtesä* ^n~ the equation 

of state 

Upon setting x * >?, 4(x> * fA * Ve^A, s'lifo = jt2rf/X)(-By^73>
dcüfc, 

8E - l/A and then solving for t'UTX, #a find 
11      -L "    -'  -'        > - -, : .-_—.-.-_ .__   _ 

AT 
T^} -Ä*a*^)«^.2ap* 

T.'=( J?) is the negative of the pressure of the front 

and is tö be equated to Eq« (Tib). At resonance, B^ 

ä31q
E = H, Eq. (29) becomes 

(29) 

against the crystal, 

B = -1:. Then, with 

^q,, ^ E HV 
^(y2 
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We how diyidle both si&es by-Co.jp Q arid note that mq^/'X^pc   = 

ö ,cd/pc    =   md., also that 2TrqE/Xü-\jPe = 1, thus obtairdng 

    - ii.  .   üv . _     _,_ SVI 

a - 4        ^ (B/pQ *$< 

in agreement with Eqs, (23 c,) and (g6e=)-v The proof for Eq. (26a), at x - 0, 

is similar. 

In. deriving the equation for current we use Eqs. (1-5) to (I5b)i In 

expressing the electric displacement, however, Eq, (5) is not to be used, but 

rather the equation of state in terms of stress: 

fciM = d^:(x) *£TEo 

When T'(X) is eliminated between Eqs, (30} and (28), there results 

Vlp$   =   HS.[ (x) + &g E3 

wnere G ^ = £• 
A 

;2TTX ,2itx 
*. <§/4 «a s;w - if i^-hf - y^y)^- 

from footnote 1* The current through the crystal (see Fig. 2) is 

4 
1 

I p 
+ l' 

1 **h I D3Wdx =    JCJDIIW 
fax. 
{1 

(-yo + y-j) + c. i e] 

(31) 

Upon writing nwt =m ^2H2A/t f>c = ^, «^ l/t « C^ and KV/üitf?c=^ and^ 

combining Eqs.. (15), (15a), (T5bh (17a), and (31), one arrives at Eq. C23f)'= . 

Equations (23b), (23d)., and (23e) are all valid for the lengthwise-type receive 

er» Therefore Eqs. (23) and (26) hold for receivers of both thickness and 

lengthwise types. 
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THE TÜKSB CPSTIL RECEIVER 

The rest of this paper is concerned with the- transducer dje'si'giiSd for 

/receiving at a single, frequency, having crystals with  K. - A/2» with or- 

a^ \__,_  
without a front plate for which J^^~hd/2. If the front plate has! no 

internal losses it has np. effect on the results at resonance, although, it 

does increase the quality factor Q and thereby makes the transducer slightly 

more sensitive tö changes in frequency* Similarly, if there were a half- 

wavelength back,' plate it would increase Q still further without affecting 

the solution at resonance. 

The siölTXtiöh is: to he derived from Eqs. "('26')-* It has Been shown that 

these equations hold for transducers of either the lengthwise or the thickness 

-type* -if the proper definitions, are -attached to. -ft arid W...- - —_ 

The solution of Eqs. (23; or (26) yields the following relations,  in 

which Y^ is expressed according to Eq. (17a)« 

H = 
(m%^ •- Uf2)  + m2^ + B2)

2 - j^m^., 

(ffiG2r f 2 
2 + m^(B1; f B^Z 

m(B1 + B2) - JtmG2„ + 2 U/) 
V   *   -ft • ^   2      --f-=    X   /? 

(mG2r + 2 Kff)   + m-(B1 + B2r 

* B5) 
AooV 

where 27imV/qEt 

for the lengthwise type, and 

r, • 
27na %£ 

H 

for the thickness type. 
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The magnitude and phase öf V with respect to £y ar'ö found by setting 

y<7 =' %jo^ 7 - KJ^öS&J + j; sin©^)    jax Eq.   (33) and equating real and iniaginary 

parts-: 

- mtB^ + B2,)c6sG7 + (mG9r * ^ 40**1*07 
V   =    -f^---- -  •--"-" ••-•^--•~2- '-•   o ' Tg" ^7 (34a) 

(mG^ + 2 y )^ + m2CB1 + Bg)* 

tanGr?   = l?.   .   Sfc^ (34b) 
"'        m(B| + B2) 

When ©2 ^ ^B-« these egressions become 

V   =   ^IhÜ,^ - (34c) 
*%r + ?f _ 

tan07   =   OP:» Q7   ~   90° (34d) 

Thus when B2 - -Bj,    ft lag#_90ö behind £7. 

The dependence of V upon H and the electrical admittance merits a short 

discussion. The significance will not be lessened if for simplicityj and in 

conformity with common practicej we set B2 = -B-, so that Y^ is a pure conduc- 

tance» Eos the lengthwise type Eq. (34c) becomes 

srtA      H 

i2Ä-.c..G^.._t 
£7 (35) 

When Q2. = 0° , the crystal is short-circuited and V - 0 whatever -H may 

be. Äs Gpj, decreases, V increases uniformly until G2 ?= 0 and, only the loss 

conductance Gr remains; V then has its greatest possible value with give» Gr.    1 
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If even G_ were, absent we would 'have the ideal transducer;, with 

•yrmq-'t OO'P "CÄ"G v O;. 

X* H  ^ 

M,ext consider the relation of V to H,    For a .given Q^t v* i-6 £<!•  (35) 

has a maximum when 

•2 mt2^c 

4A 

c'3 <W 
2r 4A 

,M}2r ^   ^n (37) 

where % is the value of H $hat. makes V a maximum for a given GA^»    From 

q" =? pc~ -J2f Xpc, Jfche cprrespondaaig TT-—        -/opj Eq> t3?'/» Wwi-m - ^>o:e0/ c    ana 

^maximal -V is 

Vmax -*   "^ 
.Pc^f CÜ eo°o c„t 

G 2r ^ 

For values of H smaller Or larger than that given by Eq*   (3?)s V decreases, 

approacMng-zere-a:S--H-a;ppröaches- zero* \ "     -   " 

v*max *® obviously greatest when Gj = 0 .and (%_    is müde äs -small      - - 

äs    possible»    and   . when the piezoelectric constant H has the value, given by 

Eq«   (37).    It io a-ourious oiromnotänoo; and" at firot oight an appa»ontly 

^agadoydoalohoy-that ao a gonoratör ofvöltago a yceciwieg tyanedueey afosiiiM 

Aayeropffotalg-of law ?a^ 

ic that iiiLtho pfoeont «aeo the. tpaneduaoy ic not a generator of ölöofryiöal 

-gw©*,—The vib: al amplitude ie yg-poportlonal to tho input aeettatie power. liAi ^-^ *.*•*' 

The eleetplodioplapencntA .and :thoycfoi*e the current» I~::ij|"?ifo 2^ ftfe prepay 
Xf 

tiorial to -thioroaplitwdo arid;to H*J—When H io Iciggo; 3» .lorlaügö^ and ein»» 

; 
1- 
I 

 i- 
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V #~ JL/Gä   -ife-iä elöa? ffremEq». (33) that'V'.      vartLo» iav^eätor-witfc. IU. and- $r   2r - ^ max - -P 

The same conclusions apply also- to receivers oi? the thickness type. 

Since, ;V is the peak voltage, the power suppi-ied to the external circuit 

is 

2 
1 o HJH Qo '     2 " 

P   * - «. V^Go    «•  ^-   -•-—-^~i-..-..,-s^it--.^-   >    ^    _-.£-" 
2 2     (mG2. * mGr * 2 f)2 + m^B-j. * B^2   7 

(39) 

Equation (39) shows that the power-is. always .increased By making 

$2 ^B-,, which means compensating ~f oar G*  by ä suitable inductance. 

The total power absorbed from the incident radiation*, including loeses, 

is 

1,2. % V+Gx 
2       2r 2     (aGg f mGr * 2 W02 + a2^ .+ $g2 ^7 

; - '    ,..,.-... ua... 
This expression can also be derived :by making use of the fact that all 

of the incident energy that is not, absorbed by tl^e transducer goes into the 

reflected wave* so that ?^ = | OJ2A OG  (£,„  - ^ ),, .%» W %+  are the moduli 

of y^ and }'£* ancTy^ is /given by Eq. (32,);. 

---Efe ^is.rof -Interest- t'öT/uFM:^ine th^ v^lue of the output• ^leötfical ad- 

mittance, that mokes the useful power a maximum for given Xn»    ^he derivatives 

of P with respect to G% and B£ are set separately equal to zero,, giving; two 

simultaneous equations: 



föp + TTffaf + (B.,  + %f 

G2(B1  * "B2>    =    ° 

•When these equations, dre^splved for G^. and B^, one finds' ((excluding the 

solution G^ ~ 0 or negative), 

(41) 

(42) 
\   o  w 

using^these values we find, from Sq. (39), for makigal useful power, 

2 

max 
1 2 oA, A-2- _   ,-., r      _     grr mq„ A_ 

.'"irr    ~ 

o 
IT 

ÖmmGr + 2y/7 i2pc     t2po_o_r V öj}_ + 4ITA 

(43) 

•Phe loss^conduetance Gp can be measured^, and ii^an be calculated from 

Iq» (25) or (27);, so. that from (42) the conductance Q2 for maximal output power 

can be found. In order to consume maximal power, the .output circuit should 

have this conductance,,  together with a susceptänce ?2 ~ - B... 

The yöltagö, Vp When P is ä maximum is found, for lengthwise vibrations., 

from. Eqs. (35) and (42): 

27rmcrtA H 

X '#&' 
<UL + 4AH' 2*7 (44) 

A similar expression can be derived for thickness vibrations. 

It is seen from Eqs, (35) and (44) that* when B2 ~ - Br, the voltage 



for Gg ~ 0 is just, twibe as great as when. G^ has the value that makes the 

power .a mäximüiji,. 

If there ©rß no losses, Qp. ^ Q, and from Eqs. (=41) and (42) the condi- 

tions for maximal power become Bg - -- B^  and G2 = 2y/m.    When these substitu- 

tioSs are made in -Eq. (32), it is. found that y^ « 0; This means, that the 

ideal transducer can become a perfect absorber, no energy being reflected. 

The ypltage V generated by the received energy makes the transducer act as a 

transmitter j emitting waves of amplitude '%,  = - £„. How closely the actual 

transducer approaches the ideal depends, on the losses5 that is, on the trans- 

ducer efficiency. For a given GTi  Eq. (43) shows that R  increases with H. 
A   *  ••   ... - .     max 

Therefore, in order to (convert as much as possible of the accustic energy 

into useful power output, the transducer should contain crystals of high H. 



•wa OF osTPW mmum m THE GBYSTAE nnvn« 

When plane, waves- of cämm-5+«*& r    * I,T    ± ^pxi.uae ^ .faaa at normeJ ^^ ^ & ^^ 

*w ** or. 4^^ np^s ^ ^ ^ of ^ ^ ^^ ^-_.. 

*WM. *r    The>e i, a ,cop G, ^Qn ^ a ^ ^ ^ ^ ^ 

«.at the cent. of the slab ^ , a ^ rf ^ ^ & ^ ^ ^ 

action is complete. T,& reficotod ^ ^ ^^  ^   ^ ^ 

Phase with ^ just as when the acoustic vnve in air dn , + K" «   -"" 
' -  "^c ** a*? *n- "8 tube is reflected 

JStJkhejT?e§,.end..   ..,      ._    _._._..       _/_!_ = 

The effects '^escarä^bed above ssmain unchanged when the half-i-wave slab 

is piezoelectric, with short-cirpijited electrodes (1^ =  00 ). The material 

still behaves as if, isotropic* Let us suppose next that the electrodes are 

connected to a local oscillator of the same frequency äs the acoustic input* 

but with controllable voltage and phase. 4 half-wave no=lc3S back or frönt 

plate, ör both* may be" present without affecting the results. By variation 

of voltage^and _jpha3e. the radiation emitted by the crystal can be made to have 

any value* greater or smaller than £«$ and in any phase relation to Zj»    the 

applied voltage V causes a resonant vibration of amplitude £y which -is super- 

posed on the vibration due to £«. In .particular, if V is such as to make the 

vector^yT= - Kj9  the crystal has a resultant amplitude equal to and in- phase 

y&hJtn- .(sine©-£ri,-r^aionejwOuiu"prMü^e th& aiiplitude 2£«), and there Iß no 

radiation back into the medium. All the acoustic energy is then^bVoi'bedU , 

On the ötfie^gräfdp- if £y- ^ *• 2£„, there is an emitted wave of amplitude 

%£ - ^-fi7, and no motion at the boundary. Reflection is complete, but takes 

place äs in air at the end of a closed tube, where the reflection is effec- 

tively from an infinitely stiff medium. 

I 



i 
It will now 'be shown that in the ideal no-loss crystal receiver 

values can be assigned to. the passive output admittance- that will pause V 

to. :Be exactly what is' needed ts>-- =pr educe the- effects that lave just beeft 

described. For this purpose we require the ^expression for £ ,,  the. amplitude 

at ^ due to W alone., in terms of V. it is given In footnote %  Eq<> (35), 

which for the; resonant condition becomes simplified to. £(X ) ^ KJ ^ 2N/ia» 

Considering only the lengthwise-type receiver, we have N = W/aA pc, so that 

%(*) ~-«•- = c-^r--... (45) 
cpt Pea        cpt p_c 

For the condition of' maximal power output. V is given by Eq.< (34a) 

with G^ = G^ + Gr = 2G + 2<f.fa from Eq. (42) * so that (45) becomes1 

reduced to 

lit)   =    ^       •-". («6) 

2       p ._ ,4AE  

When Qp = Ö, 5y(^ ) =• - £7. The negative sign means ä difference of t80° in 

phase. K(X)  lags 90° behind V, and, as we have seen, V lags 90° behind t7» 

JJo energjr is reflected? all being absorbed in the output circuit. The realiz- 

able approximation to this ideal condition depends on how small Gr can be made. 

_Fcr the condition of perfect reflection we set Bj - -B^ and Gp- - 0. 

'Shea- -(^:)'^iiriw"t*üt^to^^^^"-tö"^ä^;^a thöre" TslT Returning radiation 

of amplitude %^ - £7, with ho motion at the crystal boundaries. That there is 

ho motion at the boundaries can also be verified by solving Eqs. (23) for yg 



m 

and tp  -Sad setting these values in the general equation for parti<cle- 

dlspiacement at resonance, (fn, 1- Eq. (6)) j 

S (x) = £ y2e 
J x - y3e

j">r je*»* 

It is found thus that when B2 = - B  and G^ = 0, UQ)  - U%) - Q, while 

^%^ = ^7* ^e ^s^ v-4l»et6a like a bar in resonant vibration with both 

ends clamped and a loop of motion .at the center» 
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TRÄNSPUCEREBTICIENCY 

1 _.o. 
*• %,aBjäm3Ä,ter. 

The input power is f±  = ^ f*Gt, where V is the peak' voltage, and the 

total electrical conductance is G+. = G * (L. G« = 1/r is the loss cöfidüctance 

(Fig, ,2), and G = 1/R? where R is the resistance in the usual REGC- crystal 

network. If crystal losses are ignored, R is due solely to the radiation 

resistance of the irradiated medium. For a thickness^tyRe transducer consist- 

ing of n plates in lengthwise vibration, R = p^tq/4H wn; for the thickness 

type, R = pj? ä/4H A, where J(  is the thickness dimension.: In eithe? <?ase 

the clamping factor is c = cm/J( -  c P^^/^^Xo       With these data it is 

Easily proved that in either case G = 2 <^/m. 

The useful output is P - » ]TG. The efficiency rv\ is therefore 

üh * i -  G   "-- --•?-. _ ... %..7.-.._ 
\ %   G + Gr   1 4 Gj/G ~ 1 '* mGr/2 y (4^ 7) 

B. Receiveri. 

1       2 The input power is P* = '^ o> ö c A£„ . On combining this with Eq* 

one finds 

«   ^i    (mG2 •!- mGr + 2 \j))2 + m2.(BT + Bg.)
2 

When for G2 and B2 the values given in Eqs. (4.1')' and (42) are used, we 

find for- the efficiency at maximal P 

2 
•fer, * ,-,-i ,1... to) mGr f 2^  i•"+ mdr/2y 

This expression is; the same as that for the transmitter in Eq. 
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EFFEKT OF OUTPUT. AffiSTTANCE 

ON. THE EFFECTIVE STIFFNESS OF THE FJ&EpEJt 

In the foregoing theory it was assumed that »the wave-velocity e. aiiä 

the stiffness -q, - p c^ were independent of the output. For both transmitter 

and receiver we used qV and qr for the thickness, j and lengthwise types, res- 

tive 

A small corfeat ion to these values must now be considered. In both 

types of receiver the voltage V depends in magnitude and phase on the output 

.admittance« The resulting contribution to the' field, "V/J( ,  causes a-stress 

which In turn affects the effective stiffiiessj as may be seen: from Eq. (?a). 

Since this field is uniform throughout the. crystal, the resulting stress is 

uniform and' therefore not proportional tö the strain;; nor, in general, is it 

in phase with the strain. Nevertheless its effect on the effective stiffness 

can be-calculated by a procedure analogous to that mentioned in footnote 5« 

For the-l^ngthwise^type receiver the corrected effective stiffness is 

-IS.  8AH^%+_B^_ s. $G^  = _./.aiv«--\ 

TUT    Gg, + (Bt + B2) 

The cörresppnding^-expression for the thickness-type receiver is 

x2. 

(51) 
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The complex character of the correction is due to the phase relation, 

•between V and T (x): in. Eq. (7a)? 

In calculating the co*ce?cted values of the velocity and resonant, 
*5 O r%  ö 

frequency from the relation- q »  pc- = 4-Pf X'"»  only the real part of q in 

Eqs. (50) and (Si) is to be used. Thus for the lengthwise-type receiver, _. 

Re q - ~t -*•    a. - - 
8AH2e Bi + B 2 

+ (B1 + BgF 
(52) 

2r 

For the thickness-type receiver,, 

'Ro'q = q - 
8AH c   B1 + B2 

irjt* G|.+ (B1 +B2)
2 

As an illustration one may consider the case of the thickness-type 

receiver ah open circuit s for which Q2 = 0 and B2 = 0. If the_ receiver has 

rip loss, Gj. = Q., and since B-j = -, cuG| =* - 2wft~&/£t  Eq. (53) becomes reduced 

to — 

:2 
Re q = q + -23J- = q (5-4) 

in accordance with Eq. (8)* A similar relation can be proved for Eq* (52). 

Whenever B2 = - B^, the correction vanishes, and the effective stiff- 

MA'M>I'~-4.M. -!>« •!.**«•..?!>.•* _E JSL. ilGoo :tp; roiiupx^r. q=   ur q » 
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StMfMÜT QF EFFECTS 

OF OUTPUT CIRCUIT m  RECEIVER HIRFOM&N.GE. 

E i,  u2 = «a or &2 ^ ^9'    Sho£t circuit* V '== 0, P = 0. Use q * for 

lengthwise, q for thipkness type?   -     

II.  G2 - 0, B2 = 0. Open circuit, P = 0. use qD for both types of 

receiver. 

III.  G2 •= Q, Kg == * Br. G-, is neutralised;, P = 0. All incident energy 

that is not reflected is expended in oyercpming losses in the 

transducers For a given £„, V has its greatest possible value, 

denoted foy fö, decreasing as Gp increases. If Gr == 0 all energy 

is reflected as--from ah immovable wall, and Eqs. (§&)• aftd 

cease to "have meaning. 

B2 ~ - B1» G2>Q.    0, is neutralized, and useful power appears in 

thejmtput, Injthe particular case where Ga and G?have- specified 

values and H has the value \ given by Eq. (37)* V has its- maximal 

value Vmax with respect to H, for given £?. For all values of 

Gr, as long as G2 + Gr = fffc remains constant, and % remains 

constant, V^ remains unchanged. The stiffness q is given by 

Jq- 152) or (531^ ._._.__ ._ __^ 

V.r    B2 » - Bt, G2 =.^ + zf/m from Eq, &#* This is the condition 

for maximal P. Vp and P *re greatest^en Gr * 0, diminishing as 

Gr becomes greater. At all values, of G^ 7p has half the value of 

V0 mentioned in II. The stiffness q, is: given by Eq, &2)  0r (53>. 
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EXAMPLES OF' KEGEIVER' ßALGULMIONS 

Using the. best, available numerical data* we have calculated various 

parameters for two hypothetical transducers, for different values, of the iojs- 

conductance Q^,, Ctoly the resonant frequency is considered, at which- X. -  X/2 

for the* crystalsi As a first-prder' approximation the variation of stiffness 

with admittance of load, and consequently the small variation of resonant 

frequency, can be ignored. If no-loss half^vfave front and back plates are 

present they do not^affect^the-resu-lts* .=^-  

%*.   Lengthwise type., consisting of ammoniumdihydrqgen phpsphäte (ADP) 
  . o 

Z-^cut 4.5° plates fprmirig an assemblage with receiving area A = § x 8 ein . 

The plates have dimensions j(' s= ©,04i meters, w - 0*02 Ineterss t = 0.0Q5 

meters*    Tha-number" of plates "is~h = 64, area A"=^Äwt^^6.4(lÖ^)ineter , 

H = 0.473 coulomb/meter ,. if - 1-e91(fÖ^)newton/meter^, frequency f = i& ke„ 

f>  = 1.804(1 O^kg/meter3,  c =* |*,26(lfO^)meter/sec*  Do = 5.88(t06)kg meter'2 

.sec""-,  P0e0 - 1*55(10 )£fe meifcer   sec"   for seä water, m• = Pöcö/(öc = 0*263^ 

£* = 1,27iT0"lo|färäd/meter. From these constants are calculated 

f = T.95(T0"5)* VKj = lÄ60(l;Ö^. 

cp  is about 7 percent greater than q . For the, curves, in Fig. 3 

pn-ly q is heeded. ^ 

IT*    Tnicknegs type, circular X-cut quartz plate resonating at 15 Mc. 

A - 7*4(10r5)meter2, thickness X = 1.92(10^)meter, H= =0*173 coulomb/meter2,, 

qv = 8.8(10to)newtön/met,er2, £> = 2*65.(10^)kg/meter^r c •= 5*75ClÖ3i)Ä#t8r/s:ecP 

pc, = T5^106-)kg meter^sec"1, jp^ö = 1*55(10^m = ö^s- = 0.1.0* 

er' ~- 3.91 (10~'1) farad/ffleter. From these constants are calculated 

v* 



f = 7.8(10"6):,; f f = 2.^(10')* 

q- is about 0.7 percent greater than q . 

rye 'umscu-troxuaa. 'pei'tioi-iuauiuo -ux on« j.-eiiK:onwarse receiver is snown xn 

Fig. 3. Gp. - l/r is the equivalent conductance due to losses in the trans?' 

ducerj it is related to the efficiency «-, by Eq. (££). V0 is calculated 

from Eq.. (34c) for G2 = 0* |2 = - B-j* Vj^ is found from Eq*. ,(38^.) ahd th© 

corresponding %r (not shown in Fig. 3) from Eq. (37$. Go for Y^,a<f  is 

G2r " Gr* p for \ax 9<?mes frop $1* fa?-)» -__  - 

For the curves, relating to maximal'power, 6g is calculated from Eq» (42^ 

while Goj, - Gg + Gr'. P^Q.. is found from Eq? (43),, and the corresponding % 

frojDjEq.. (44). In Fig. 3 the linear'Increase of both Pg^ andlCp wi*h effic-r 

ie&cy is made evident, together with the value- of &•>- headed to make: P a mä2S= 

iffiyia.  __"  _; __- ., _c_;„-„„. •; __\- „ __  _ _J.___. 

Fig* 3 also illustrates the fact thäVat all efficie2iGd.es Vö i§ tvics 

äs great äs Vpj but since VQ iä the voltage when &2 = Q* there is then so 

uaeful power. ~ -^-.- 

On th# other hand ?: when G^ has the value needed to make V ä maximum, 

then äs long as the efficiency is above 50 percent D^x has a constant value; 

•equal to the value of Vp when <n = 1. Useful power is then delivered, but it 

is equal to ?mg^  only when ~*\ = 1-*. As the efficiency decreases, the power cor- 

"relSpong'ing t^^ " 

For the thickness receiver the curves would have the same general form. 

It must suffice here to state that for ah efficiency of 50 perqent,      - 

Gr = t5.6|lO~^) mho and r = 640Ö öhms;. For- maximal power,  ät 100 percent ef- 

ficiency, ©2 would be 15v6.Cl0~w, increasing as the efficiency decreased. 



3Aa 

1 theoretical --Guides/ for. ^ ÄDP Receiver 

Abssissas are ^«uesi,of the-efficien^ ^ v^ea the output 

conductance G* Ü ad-Justed; for ^ximai .fower P*    She numbera on 

the vertical «*&Mffi*-te be ^tiplied by tjie following factors* 

Cpnductsfices G in mhos *•• 

Resistance r in ohms. 

tff :5 ••• 

^? m-^tts per mete?*, 2(10    ) 

:- --._: i._^__-^ a^^.sJaifc«rf».»L,.j4 a^..JLs-jriie^-Väiüe: of Go. for 
~<6r -'-•*-•- 

. V. Circles and triangles are points for which^values. were- max 

calculated* 
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